Characteristics of the airflow over a train of waves moving at a constant speed are investigated using a direct numerical simulation. We simulate the flow for various wave ages (c/u * = 0, 4, 8, 10, 12, 16 and 20), where c is the phase speed of the wind wave and u * is the friction velocity on the wave surface. The results show that both the mean flow profiles and the turbulent statistics depend strongly on the wave age. For example, the mean-flow speed in the log layer generally decreases at small wave ages, i.e., when the wave growth rate is positive. Vertical profiles of the flow change significantly at the critical height z c , where the mean flow speed and the wave speed c agree. Then, the wave-induced vertical flux of the horizontal momentum is positive below z c , decreases rapidly near z c , and becomes negative above z c .
On the Turbulent Structures of Flows over a Traveling Wave Train

Introduction
Exchanges of momentum, heat and mass across the air-sea interface with wind waves control the development of the tropical cyclones and the storm surges. Therefore, to predict these phenomena with high degree of accuracy, it is necessary to understand the interactions between the wind waves and the air flow in detail.
The interactions between the wind waves and the air flow has been studied for a long time, for example the theoretical studies of Jeffreys (1) , Phillips (2) , and Miles (3) . Jeffreys (1) proposed the separated sheltering hypothesis. In his hypothesis, the air flow separates on the lee side of the wave crest, so that the pressure distribution becomes asymmetric between the windward side and the leeside of the wave crest, and the form drag on the wave surface increases. Phillips (2) proposed the resonance theory in which the transfer of kinetic energy from the air flow into the wind waves is explained by the resonance between the turbulent perturbations of pressure and the wind waves. Miles (3) estimated the growth rate of the wind wave by applying the linear stability analysis of the shear flow over wind waves. In his theory, the growth rate is proportional to the curvature of the mean velocity profiles of the air flow at the critical height z c where the mean air speed is equal to the phase velocity c of the wind wave. Thus, the growth rate depends on the wave age c/u * , where u * is the friction velocity of air. In his theory the turbulence plays the role only in maintaining the mean velocity profile, but the direct effect on the wave growth is neglected.
On the other hand, Belcher et al. (4) and Townsend (5) argued that in a turbulent flow the fluid passes across the critical height rapidly, so that the flow structure near the critical height is not important for the growth of the wind waves. Sullivan et al. (6) carried out the three-dimensional direct numerical simulation (DNS) of the air flow over waves moving at a constant speed. They showed that the mean flow properties change significantly across the critical height even though the flow is in a turbulent state. However, they did not analyze the spatial distribution of the turbulent statistics, i.e., Reynolds stress and the turbulent intensities. Therefore, the effects of the wind waves on the turbulent structures in the air flow are not well understood. In addition, effects of the cat's eye, which is the closed streamline at the critical height z c , on the momentum transfer from the air flow into the wind waves are not also understood.
In the present study, we perform DNS to analyze the air flow over waves moving at a constant speed without deformation. Firstly, we investigate the effect of the traveling waves on the mean flow field. Next, we investigate the structure of the air flow near the critical height, and we evaluate the energy transfer rate from the air flow into the traveling waves. Finally, we investigate the turbulent structures in the air flow over traveling waves and discuss the effects of the wind waves on the turbulent field.
Three Dimensional Direct Numerical Simulation
The flow analyzed in the present study is in the region surrounded by the bottom undeformable two-dimensional traveling wave and the free slip top boundary, as shown in Fig. 1 . We assume periodic boundary conditions in two horizontal directions. In the frame of reference moving with the traveling waves, the shape of the traveling waves does not change with time. This configuration is almost the same as that of Sullivan et al. (6) The flow is driven by a constant pressure gradient and we analyze the flow in a free-developed turbulent state. The governing equations are the incompressible Navier-Stokes equation and the continuity equation:
where the suffix i ( = 1, 2, 3) denotes the streamwise x, spanwise y, vertical z direction, and the summation convention is used. We set the origin of z axis (z = 0) at the mean water level. The variables (u 1 ,u 2 ,u 3 ) = (u,v,w), p, ρ and ν denote velocity, pressure, density, and kinematic viscosity of the air. The coordinate system adopted in the present study is the generalized orthogonal coordinate system curving along the wave surface. The mapping from the physical space (x, y, z) to the computational space (ξ, η, ζ) is de- Fig. 1 Computational domain fined by ( 
where i is an imaginary unit, and a and k (k = 2π/λ, λ is the wave length) are the amplitude and the wave number of the traveling waves. The Jacobian J is given by
Substituting ζ = 0 into Eq. (3), the shape of traveling waves z bot is approximated as
where suffix bot denotes the value on the bottom wave surface. Corresponding to the wave form, the velocity on the wave surface is given by
where u o and w o are the orbital velocities and they are expressed as
To carry out the computation, the basic equations (1) and (2) are rewritten in the strong conservation form. All of the spatial derivatives are discretized by the secondorder central-difference on a co-located grid. The advection terms and the viscous terms are advanced by the second-order Adams-Bashforth method. To satisfy the continuity equation (2), we use the fractional step method and solve the Poisson equation for pressure:
where (U, V, W) are the contravariant components of velocity in (ξ, η, ζ) directions. We use an iterative method proposed by Sullivan et al. (6) to solve Eq. (11) . In their method, Eq. (11) is transformed into
where suffix m expresses the iteration number. Substituting the value of p at the previous iteration number m − 1 into the right-hand side, Eq. (12) for the iteration number m can be solved by the direct method (8) , (9) . Equation (12) is solved iteratively until |∇·u| < 10 −7 is satisfied for all the grid points in the computational domain. The Reynolds number (Re τ = u * h/ν) is 150. Hereafter, we denote the normalized values by suffix +: the velocity is normalized by the friction velocity u * and the length by ν/u * . The size of the computational domain is L x = 8h in the streamwise direction, L y = πh in the spanwise direction, and L z = h in the vertical direction. The number of grid points is 180 × 100 × 128 (ξ × η × ζ). The grid spacings in the horizontal directions are uniform (∆ζ + = 6.7, ∆η + = 4.7), while those in the vertical direction varies from their minimum value (∆ζ + = 0.2) at the bottom boundary to the maximum value (∆ζ + = 1.9) at the center of the channel. The wave length of the traveling wave λ (= 2π/k) is 4h/3. The wave steepness ak is fixed at 0.1. We carried out the simulations of the flow for seven wave ages, i.e., c/u * = 0, 4, 8, 10, 12, 16, and 20, and the each simulation is continued until the turbulent statistics become steady. To confirm the accuracy of the computations, we also carried out the simulation of an open channel flow at Re τ = 150. The profiles of the mean velocity, the turbulent intensities, and the Reynolds stress are confirmed to be in good agreement with the results of the previous DNS studies for a channel flow (10) in the half region (z + < 70).
Effects of the Traveling Waves on Mean Flow Fields
1 Definitions of statistics
In the air flow over a two-dimensional wave surface, turbulence statistics whose streamwise wave number is the same as the bottom wave surface are generated. Therefore, in the following analysis we decompose the physical quantity q(x,y,z,t) into the phase-averaged component q(φ,z), which is obtained by averaging q over y, t and all the waves contained in the wave train, and the turbulent component q (x,y,z,t):
(14) Here, ∆T is the period used for the time-averaging, and N (= 6 in the present study) is the number of traveling waves contained in the wave train. The wave crest is located at φ = 0 and 2π, and the trough is at φ = π. To clarify the streamwise variance ofq(φ,z), the phase-averaged componentq(φ,z) is further decomposed into an ensembleaveraged component q (z), which is obtained by averaging q over x, y, and t, and a wave-correlated component
3. 2 Spatial distributions of the streamlines and the pressure To understand the flow pattern, we first show the spatial distributions of the streamlines which correspond to the phase-averaged velocity (ū,w), and the wavecorrelated pressurep in Fig. 2 . Although a phase-averaged component and a wave-correlated component are defined in the region of 0 ≤ φ ≤ 2π as described in the previous subsection, we further show these component in the region of 2π ≤ φ ≤ 4π, the distribution of which is identical to the distribution in 0 ≤ φ ≤ 2π, in order to show the large flow pattern clearly. When c/u * = 0, i.e., in the flow over a quiescent wave train ( Fig. 2 (a) ), the streamlines are asymmetric against the wave crest and the phase of streamlines near the wave surface is shifted leeward of the crest. The pressure distribution is also asymmetric against the wave crest and the minimump is located slightly leeward of the crest.
When c/u * > 0, i.e., in the flow over a traveling wave train ( Fig. 2 (b) -(e)), the flow direction is different between above and below the critical height z c , and the streamlines become the closed curves at the critical height, which is called the "cat's eye". When c/u * = 4 ( Fig. 2 (b) ), the cat's eye is located just above the wave trough, and the phase of streamlines above the cat's eye is almost the opposite phase with the wave surface. When c/u * = 8 and 12 ( Fig. 2 (c) and (d) ), the form of the cat's eye is asymmetric against its center. When the wave age is maximum, i.e., c/u * = 20 ( Fig. 2 (e) ), the critical height does not appear in the computational domain, and so the cat's eye is not described. At this wave age, both the streamlines and the pressure are distributed almost symmetrically.
3 Mean velocity
In Fig. 3 , we show the vertical distribution of ensemble-averaged velocities (<u> + c)/u * in the stationary frame for all wave ages. The distribution is plotted against the vertical coordinate z + , which is the distance from the mean water level. When the bottom boundary has a wavy form, it is difficult to average a quantity below the wave crest, i.e., z + < 3.2. Thus the values are not described in the region of z + < 3.2.
In the flow over a flat wall, the mean velocity asymptote to u/u * = z + in the viscous sublayer (z + < 5) and to u/u * = (1/0.4)ln(z + ) + 5.5 in the logarithmic layer (z + > 30), and these distributions are in agreement with the previous DNS for an open channel flow (9) . On the other hand, in the flow over a quiescent "wave train" (c/u * = 0), the mean velocity gradient becomes slightly smaller in the buffer region (5 < z + < 30). As a result, the mean velocity in the logarithmic layer becomes slightly smaller, although the mean velocity gradient in the logarithmic layer is almost the same.
In the flow over a traveling wave train (c/u * > 0), the mean velocity gradient in the buffer region (5 < z + < 30) shows a complicated dependence on the wave age: as the wave age increases, it first increases (c/u * = 4), then decreases (c/u * = 8), and increases again (c/u * = 10, 12, 16 and 20). However mean velocity gradient in the logarithmic layer (z + > 30) has only a very weak dependence on the wave age. On the other hand, mean velocity in the logarithmic layer depends on the magnitude of the mean velocity gradient in the buffer region. Then, it first increases at c/u * = 4, decreases at c/u * = 8, and increases again to become a maximum at c/u * = 20, which is the maximum wave age in the present study.
It should be noted that the mean velocity in the logarithmic layer correlates with the growth rate parameter β, which will be shown in Fig. 6 in section 3 .5. For the wave age of β > 0, i.e., when the kinetic energy is transferred from the air flow into the wind waves, the mean velocity is smaller than the flat wall case (but except for c/u * = 4). And, for the wave age of β < 0, the mean velocity is larger than the flat wall case. When c/u * = 4, β > 0 and the kinetic energy is transferred from the air flow into the wind waves, so that the mean velocity near the wave surface (z + < 10) is smaller than the flat wall case. However, the cat's eye appears just above the wave trough and it induces a strong shear above the crest in the buffer region. As a result, the mean velocity in the logarithmic layer would become large.
3. 4 Effects of the critical height on spatial distributions of the velocity field Now, we investigate the relation between the wavecorrelated velocity (ũ,w) and the critical height. In the present study, the component of wave number k, which is identical with the wave number of the traveling waves, is dominant inũ andw. Therefore, for example,ũ is approximated as the product ofû(z), which is a function of only z, and a sine function whose wave number is identical with the traveling waves:
whereû * is the complex conjugate ofû, and |û| and θũ are the amplitude and the phase (−π ≤ θũ ≤ π) ofû. At the height of θũ(z) = 0,ũ is in phase with the traveling waves, and at the height of θũ > 0 (< 0), the phase ofũ is the phase advance (delay).
In Fig. 4 , we show the amplitudes and the phases ofũ andw as a function of normalized height z/z c , where z c is the height of <u>(z c ) = 0. Near the critical height z c , there are minimum values in both |û| and |ŵ| (Fig. 4 (a) and (b) ), and the phases θũ and θw rapidly decrease (Fig. 4 (c) and  (d) ). This indicates that there are strong shear in the mean flow at z ≈ z c . The behaviors of the flow near the critical height are qualitatively in agreement with the analytical results of Miles theory (3) , which were shown in Hristov 
5 Wave induced momentum flux
The existence of a two-dimensional wave train generates the periodic perturbations in the air flow in the streamwise direction. For example, by substituting Eqs. (13) and (15) into the momentum equation (1), the momentum flux at a height z is expressed as
The first term on the left-hand side is the wave-induced momentum flux and it is well concerned with the momentum exchange between the air flow and the traveling waves. In Miles theory (3) , the value of −<ũw> is constant below the critical height, and −<ũw> = 0 above the critical height. Since the effects of viscosity and turbulence are not considered in his theory, −<ũw> becomes discontinuous at the critical height.
We show the vertical distribution of | − <ũw>| normalized by u 2 * in Fig. 5 . Corresponding to the significant changes inũ andw near the critical height as shown in Thus, −<ũw> = 0 holds at the height of ∆θ ≡ |θũ−θw| = π/2. Since ∆θ changes from the value larger than π/2 to the value smaller than π/2 across the critical height z c (Fig. 4) , −<ũw> is positive below the critical height (z < z c ), rapidly decreases across the critical height, and becomes negative above the critical height (z > z c ). With the increasing wave age, the changes observed at the critical height z c become smooth. This is because the perturbations in the air flow induced by the effects of the interfacial waves become weaker at the critical height, which is located at a higher region, with increasing the wave age.
6 Growth rate of the traveling waves
The kinetic energy transferred from the air flow into the traveling waves per unit timeĖ is expressed by using the pressure p bot and the shear stress τ bot on the wave surface (13) :
where E is the energy of the traveling wave and it can be approximated as E ≈ (1/2)ρ w a 2 kc 2 in the case of the Stokes wave whose velocity and shape are given by Eqs. (5) - (10) . The growth rate of the traveling wave γ =Ė/Eσ is expressed, using the growth rate parameter β, as
In general, the growth rate parameter β is regarded as the characteristic parameter, which represents the growth rate of the traveling wave (3) . The variables σ, ρ a and ρ w is the frequency of traveling waves, the density of air and the density of water.
In Fig. 6 , we compare β obtained in the present study with the results of the second-order closure model given by Mastenbroek (14) and the results of the Rapid Distortion Theory (RDT) given by Cohen and Belcher (15) . Figure 6 shows that β for all the models decrease as the wave age increases. Compared to the results of the closure model and RDT, the value of β in the present study is larger at low wave ages (c/u * < 8) and smaller at high wave ages (c/u * > 12). This is due to the differences in the Reynolds number and the surface roughness among these models.
Meirink et al. (16) investigated the Reynolds number Re τ (< 10 4 ) dependence of β for the low wave ages (c/u * < 5) using the low-Reynolds number second-order closure model (17) . They showed that, with increasing the Reynolds number, β increases at Re τ < 800, becomes maximum at Re τ ≈ 800, decreases at 800 < Re τ < 10 000, and reaches a constant value at Re τ > 10 000, which is comparable with the value at Re τ < 150. The closure model and the RDT shown in Fig. 6 assume an inviscid flow, so that β for the low wave ages would be small, which is similar to the case of Re τ > 10 4 . When the surface roughness normalized by the wave number k increases from kz 0 = 10 −5 to kz 0 = 10 −3 in the closure model and the RDT, β increases for the low wave ages and decreases for the high wave ages, as shown in Fig. 6 . If the surface roughness in the present study is equal to that of the flat smooth wall z 0 = 0.11ν/u * (18) , it is given by kz 0 = 3.5 × 10 −3 since k = πu * /(100ν). This value is larger than that of the closure model and the RDT, so that β in the present study would become larger for the low wave ages and smaller for the high wave ages, compared with these models.
Effects of the Traveling Waves on Turbulent Fields
Next, we investigate the effects of the traveling waves on the turbulent structure in the air flow. We show in Fig. 7 the vertical distribution of the turbulence intensities <σ xx >, <σ yy > and <σ zz >, and the Reynolds stress <σ xz >, where σ xx = u 2 , σ yy = v 2 , σ zz = w 2 and σ xz = u w . Significant wave-age dependence is observed in these distributions in the region of kz < 2 (z + < 64). The wave-age dependence of <σ xx > corresponds to the mean velocity gradient in the buffer region (cf. Fig. 3 ), i.e., <σ xx > is large at the wave age for which the mean velocity gradient in the buffer region is large. The value of <σ yy > is large at the wave age for which the mean velocity changes significantly near the critical height, i.e., c/u * = 8, 10 and 12 (cf. Fig. 3 ). The wave age dependence of <σ zz > is similar to that of <σ yy >.
To investigate the spatial perturbation observed in the turbulent intensities, the spatial distributions of the wavecorrelated turbulent intensitiesσ xx ,σ yy andσ zz are shown in Fig. 8 -10 . The wave-age dependence and the significant changes near the critical height are observed in these distributions. For example, when c/u * = 8,σ xx changes significantly across the critical height (kh c ≈ 0.5: h c is the distance from the wave surface to the critical height) (Fig. 8 (c) ). Below the critical height (z < z bot + h c ), the maximumσ xx is observed on the windward side of the wave crest and the minimumσ xx is observed on the leeward side. On the contrary, above the critical height (z > z bot + h c ), the maximumσ xx is observed on the leeward side of the crest and the minimumσ xx is observed on the windward side. On the other hand, compared with the distribution ofσ xx , the changes near the critical height observed inσ yy andσ zz are much smaller (Figs. 9 and 10 ).
In the previous DNS studies of the air flow over a quiescent wave train (19) , (20) , the increase and decrease of σ yy are observed on the windward side and the leeward side of the wave crest. De Angelis et al. (20) suggested that Fig. 7 The vertical distributions of the turbulent intensities and the Reynolds stress. The symbols are the same as Fig. 3 the cause is the separation and reattachment of the flow.
On the other hand, in the previous DNS study of the air flow over waves carried out by Sullivan et al. (6) , the effects of surface waves were not observed in <σ yy >. They considered that in their simulation the wave steepness is moderate (ak = 0.1) in their simulation, so that the separation and reattachment did not happen and the changes in <σ yy > were not observed. Although in the present study (ak = 0.1) for a flow over a quiescent wave train, the separation and the reattachment of the mean flow cannot be observed (cf. Fig. 2 (a) ), the increase and decrease ofσ yy are observed on the windward side and the leeward side of the crest (Fig. 9 (a) ). However, if we averageσ yy over a wave length, the increase ofσ yy on the windward side of the crest is reversed with the decrease ofσ yy on the leeward side of the crest, so that <σ yy > for c/u * = 0 is almost the same with that for the flat smooth wall case (Fig. 7) .
When c/u * = 4, the distribution of <σ yy > is almost the same as that for c/u * = 0. However, when c/u * = 8, the distribution ofσ yy is shifted windward compared with that for c/u * = 0, and the maximumσ yy is located above the trough and the minimumσ yy is above the crest. As a result, <σ yy > at this wave age increases (Fig. 7) . When the wave age is maximum (c/u * = 20), the location of maximum and minimumσ yy is almost the same as the cases of c/u * = 0 and 4, and the value of <σ yy > is also almost the same as the case of c/u * = 0.
The amplitude ofσ zz is, in general, small, compared with those ofσ xx andσ yy (Fig. 10) . When c/u * = 8,σ zz , as well asσ yy , is maximum above the trough and minimum above the crest, and <σ zz > also increases (Fig. 7) .
At last, we show the wave-correlated Reynolds stress σ xz in Fig. 11 . Near the wave surface,σ xz is positive on the windward side of the wave crest and negative on the leeward side for all the wave ages. In the case of the traveling waves, the difference in the value ofσ xz between the windward side and the lee ward side of the crest is large compared to the case of a quiescent wave (c/u * = 0). When c/u * = 4, the distribution ofσ xz is complicated near the cat's eye which is located just above the wave trough. but, the component of wave number k becomes dominant as going far away from the wave surface, as well as the cases of the other wave ages.
Conclusions
In the present study, we carry out the DNS of the air flow over traveling waves moving at a constant speed, and we discuss the effects of the traveling waves on the mean flow field and the turbulent field in the air flow. We summarize our main results as follows.
( 1 ) The mean velocity in the logarithmic layer correlates well with the growth rate of the traveling waves (but except for the case of c/u * = 4). Compared with the case of the flow over a flat smooth wall, the mean velocity is smaller when the growth rate is positive, and the mean velocity is larger when the growth rate is negative.
( 2 ) The amplitudes and the phases of the wavecorrelated velocityũ andw changes rapidly across the critical height. This change observed inũ andw induces the significant changes in the wave-induced momentum flux −<ũw>. The wave-induced momentum flux −<ũw> is positive below the critical height, decreases rapidly near the critical height, and becomes negative above the critical height.
( 3 ) The spatial distributions of turbulent intensities for three directions and the Reynolds stress strongly depend on the wave age. The significant change in the turbulent intensities has been observed near the critical height. The wave-correlated Reynolds stress near the wave surface is positive on the windward side of the crest and negative on the leeward side.
Note that the Reynolds number (Re τ = 150) in the present study is very low. However, the qualitative characteristics of turbulence shown in the present study would not strongly depend on the Reynolds number. For example, as shown in Fig. 6 , the wave-age dependence of the growth rate parameter does not strongly depend on the Reynolds number: with an increasing wave age, the growth rate parameter decreases. Corresponding to the change of the growth rate parameter, the mean velocity increases, so that the qualitative characteristics of the mean velocity would not also depend on the Reynolds number. However, at a higher Reynolds number, some different characteristics may exist. For example, the growth rate parameter may increase at higher wave ages, as suggested by the other studies (cf. Fig. 6 ) intended for a high Reynolds number. It might lead to the result that the distributions of the mean velocity and turbulent intensities observed at low wave ages would be observed at higher wave ages. Therefore, carrying out the DNS at higher Reynolds numbers still remains to be conducted.
